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Background introdution

Garg et al. [Gar+22] showed transformer models trained on prompts
from a particular function class (e.g., linear models, neural networks, or
decision trees), they succeed at in-context learning, and the behavior of
the trained transformers can mimic those of familiar learning algorithms
like ordinary least squares.

the model is trained on prompts (x1, h(x1), ..., xn, h(Xn), Xquery) Where

j.i.d L
Xi, Xquery """ Dy and h € H ~ a distribution A. The transformer succeeds
at in-context learning when given a new prompt
(x1, h'(x1), - s xpo W (X}y)s XEwery) Where h' may not belong to training

» *query
function class #. formulate a prediction for xg,,, that is close to h'(

/
uery Xquery)
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It leaves open the question of how it is that gradient-based
optimization algorithms over transformer architectures produce models
which are capable of in-context learning.

In this work, we investigate the learning dynamics of gradient flow in a
simplified transformer architecture when the training prompts consists of
random instances of linear regression datasets.
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We write [n] = 1,2,...,n. We use ® to denote the Kronecker product,
and Vec the vectorization operator in column-wise order.

1 2
3 4

Vec(; “)=1(1,2,3,4)"

We write the inner product of two matrices A, B € R™*" as
<A B>=1tr(ABT)

We use 0,, and 0,,«x, to denote the zero vector and zero matrix of size n
and mx n

For a general matrix A, Ax. and A.x denote the k-th row and k-th column,
respectively. We denote the matrix operator norm and Frobenius norm as
|- llop and || ||
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Notation

the m x n matrix A operator norm and Frobenius norm as || - ||op and || - ||F.

”A”OP = sup | Ax||

Ix|<1,xeR"

IAllF =/ tr(AAT)

For a positive semi-definite matrix A, we write ||x[|% := x T Ax
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framework for in-context learning of function classes

The goal for an in-context learner is to use the prompt to form a
prediction y(Xguery) for the query such that y(xquery) = h(Xquery)-

Examples

one can view ordinary least squares as an ‘in-context learner’ for linear
models.

given (x1,y1(=w'xi + e1), %, y2(= W' xa + €2), .oy XN, YN, Xquery)

ordinary least squares gives an estimate w of w,and Xguer, 's prediction

}A/(Xquery) = WTXquery

v

We formalize the training loss and train objective in the following definition
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framework for in-context learning of function classes

Definition (Trained on in-context examples)

Let D, be a distribution over an input space X, H C Y a set of
functions X — ), and Dy a distribution over functions in H. Let
S ={(x1, Y1,y Xny ¥n) : Xi € X,y; €V} be the set of finite-length
sequences of (x,y) pairs and let

Fo={f:SxX > Y,0c0}

be a class of functions parameterized by 6 (model functions). For N > 0,
training Goal on the length N prompts:

9* S argmin@E@EP:(Xl,h(X1)7 7XN7h(XN Xquery [g(fe( ) (Xquer}’))] (3]‘)

iid. .
where X;, Xquery " Dy and h ~ Dy, are independent.
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framework for in-context learning of function classes

[a learning algorithm from data:] Sample independent prompts by
sampling a random function h ~ D3 and feature vectors X;, Xquery hid- Dy,
and then minimize the objective function appearing in (3.1) using

stochastic gradient descent or other stochastic optimization algorithms.

This procedure returns a model that is learned from in-context examples
and achieves some degree of generalization.

We quantifies how well such a model performs on in-context examples.
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In-context learning of a hypothesis class

Definition (In-context learning of a hypothesis class)

a model f : § x X — ) in-context learns a hypothesis class H on

(D, Dx) up to error 1) € R if there exists Mp,, p, (€) such that for every

e € (0,1), and for every prompt P of length M > Mp,, p (¢),
EP (leh(xl)a 7XM7h(XM) Xquery) [e(f( ) (Xquer}’))] < n + g,

. iid.
where the expectation taken x;, Xquery " Dy and h ~ Dy

(3.2)

The additive error term 17 may be noise.

Haojun Wu Trained Transformers Learn Linear Models In- USTC 2025




What would we do in this ppt

With these two definitions in hand, we can formulate the following
questions.
@ Can a model from Fg that is trained on in-context examples of
functions in H w.r.t. (Dy, D) in-context learn the hypothesis class
H w.r.t. (D3, Dx) with small prediction error?

@ Do standard gradient-based optimization algorithms suffice for
training the model from in-context examples?

© How long must the contexts be during training and at test time to
achieve small prediction error?

In the remaining sections, we shall answer these questions.
for the case of f being one-layer transformers with linear self-attention
modules when the hypothesis class is linear models H
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Linear self-attention networks

we first recall the definition of the softmax-based single-head self-attention
module.

WKE)TWRE
facen (E; WK W WY WP) = E4+ WP WY E -softmax <()>
p
where p > 0 a normalization factor

In particular, we consider a single-layer linear self-attention (LSA) model,
yet it is still capable of in-context learning linear models
ETWKRE

fisa(E;0) = E+ WFPVE. <
P

) 0= WPV, wkey  (3.3)

It is noteworthy that recent empirical work shows that state-of-the-art
trained vision transformers with standard softmax-based attention modules
are such that (WX)TW® and WPW" are nearly multiples of the identity

matrix [TK23], which can be represented under the parameterization we

consider.
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Linear self-attention networks

Embedding matrix E used in this work

E— E(P) _ <X1 X2 XN qu(j)ery> c R(d+1)><(N+1)_ (3'4)
yi o y2 YN

The network’s prediction for the token xguery Will be the bottom-right
entry of matrix output by fisa, namely,

Yauery = Yauery(E; 0) = [fLsa(E; 0)](d+1),(n+1)- (1)

with LSA model fisa(E;0) = E + WPVE .- (%) .0 = (WPY, WKy

we can do training on it.

Haojun Wu Trained Transformers Learn Linear Models In- USTC 2025



LSA training

we only consider the task of in-context learning linear predictors.
Training prompts are sampled as follows. Let A be a positive definite
covariance matrix. Each training prompt, indexed by 7 € N, takes the
form of Pr = (xr.1, h-(Xr,1), - - s XNy hr (X7 N), Xr,query), Where task
weights w, L (0, lg), inputs Xr i, Xr query b (0,A), and labels
hr(x) = (wr, x).

Each prompt’s embedding matrix E;:

Xr1 Xr.2 Xr,N Xr,quer d+1)x(N+1
E = T, T, ) 4 Yy ER(J’_) ( +)'
T <<WT7XT,1> <WT7XT,2> <WT’XT,N> 0 )
(2)

We denote the prediction of the LSA model on the query label in the task

T as Yrquery = [fLsA(Er)](d+1),(n+1)- The empirical risk over B
independent prompts is defined as

B
—~ 1 N
L(O) = 55 D Grauery — (W Xrueny))’ (37)
T=1
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LSA training

It is natural to consider taking large B of the training population loss.
when B — o0, define:

1 ~ 2
L(G) = Blinoo L(H) WT,XT1, Xz, N X, query [(YT,query - <WTaXT,query>) } .
(3.8)
i.i.d.

the expectation is taken over x; i, Xquery ~ N(0,A) and w; ~ N(0, Iy).
Gradient flow captures the behavior of gradient descent with infinitesimal
step size and has dynamics given by the following differential equation:

do

= = —VL() (3.9)

In our main results, we conclude that the gradient flow when t — +o0 of
L(0) led to the success of in-context learning the linear predictor of a wide
range of distribution.
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What would we do in this paper

With these definitions in mind, we come back to the problems we
mentioned above.

@ Can a model from Fg that is trained on in-context examples of
functions in H w.r.t. (D, Dy) in-context learn the hypothesis class
H w.r.t. (Dy, Dx) with small prediction error?

@ Do standard gradient-based optimization algorithms suffice for
training the model from in-context examples?

© How long must the contexts be during training and at test time to
achieve small prediction error?
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Theorem 4.1 (L(6)'s Convergence and limits).

define

1 1
M= (14 = ) A+ = tr(A)ly € RI¥4.
< + N) = N r( ) d
Suppose the initialization satisfies Assumption below with initialization
scale o > 0 satisfying 02||[||,pV/d < 2, the gradient flow of linear
self-attention network f’s, (prove PL inequality holds) converges
(exponentially about t) to a global minimum of the population loss L(6).
Moreover, WPV and WKQ converge respectively to

=1
WE@ = [or (1)) (roT 00"), W*Pvz[tr(r—2)}i(og;d °1d>,
< d

Assumption (Initialization). Let o > 0 be a parameter, © € R¥*? be
any matrix satisfying [[©© T ||r = 1 and ©OA # 04y 4. We assume

0 0 I
WPV(O):U< Sfd 1”’), WKQ(O):U< 0] od)' (3.10)
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Trained transformer indeed in-context learn linear predictor

At the global optimum f/s,, input a test prompt

iid.
P = (X17YIa ce 7XM7YM7Xqueryanuery)y where (Xia)/i)a (Xquerya)/query) ~'D

with marginal distribution x;, Xquer, ~ Dx = N(0, \).
The fis, prediction Yauery = [fsa(Ep: (WEY, W) (d41),(m+1) s
0] 0

1 M 2
M Zi:l Xi Yi M dic1 Vi 0

M M _
0 1 (&z, 5] + ey MZy) ()0 (o

= Xquery T (1 M1 vixi) -3)

When the length N of training prompts is large, we have ! ~ A~!, and
when M — +o00 implies

/

j’\query query/\ IE(X y)ND [yX] query (argmmWERdE(X y)ND [(y <W7 X>)2}

for sufficiently large N, the trained transformer indeed in-context learns
the class of linear predictors.
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@ f[s, can be trained to approximate by training data (takes the form
of Pr = (xr1, hr(Xr,1), - - - s Xr N5 hr(XrN), Xr,query), Where task weights

N0, Iy), inputs e, Xr.query K A(0,A), and labels

(X (wr,x).)
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From demonstration

Vevany = X(Leryr—l % le\il y,-x,-> query/\ E(Xy ~plyx] above, we can
know that it still holds for query shifts but covariate shifts not:

Query shifts. Consider y; = (w, x;), we have

M
1
o T a-1 T
Yauery & Xquery\ M g xix; | w. (4)

From this we see that whether query shifts can be tolerated hinges upon
the distribution of the x;'s. Since DY = Dt if M is large then

= ~ o1 1 T
yqueryNXquery/\ Aw = XqueryW (4-8)

Thus, very general shifts in the query distribution can be tolerated.
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Covariate shifts. In contrast to query shifts, covariate shifts cannot be
fully tolerated. When DIr3in £ Dtest  then the approximation in (4.8) does
not hold as Z,Ail x;x;" will not cancel F~! when M and N are large.
For instance, if we consider test prompts where the covariates are scaled
by a constant ¢ # 1, then

M
=~ ~ T -1 1 § : T~ T -1.2 _ 2. T T
Yauery ~ Xquery/\ M XiXj ~ Xquery/\ cAw =c XqueryW 7é XqueryW
=1
(5)

This failure mode of the trained transformer with linear self-attention was
also observed in the trained transformer architectures by Garg et
al.[Gar+22]
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Behavior of trained transformer under distribution shifts

1.50 1.50 1.50

1.25 1.25 1.25

g 1.00 1.00 1.00 Transformer
$ 0.75 0.75 0.75 === Least Squares
% = 3-Nearest Neighbors
5050 0.50 0.50 —— Averaging
g
0.25 0.25 0.25 N\
0.00 0.00 0.00
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
in-context examples in-context examples in-context examples
(a) Skewed covariance (b) Noisy linear regression (c) Different orthants

Figure: In-context learning on out-of-distribution prompts. Garg use isotropic
Gaussian while training on standard GPT-2 model using adam optimize. (a) test
prompt inputs from a non-isotropic Gaussian (failure), (b) adding label noise to
in-context examples, (c) restricting in-context examples to a single (random)
orthant.

In all cases, the model error degrades gracefully and remains close to that
of the least squares estimator, indicating that its in-context learning ability
extrapolates beyond the training distribution.
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Thinking

It may seem surprising that a transformer trained on linear regression
tasks fails in settings where ordinary least squares performs well.

In the following theorem 4.2, we characterize f’5,'s prediction error in
theorem 4.1.
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Theorem 4.2. transformers in-context learn the best linear predictor

Let D be a distribution over (x,y) € RY x R, whose marginal distribution
on x is D, = N(0,A). Assume Ep[y], Ep[xy], Ep[y?xx'] exist and are
finite. If we define a:= A'E(, yoplxy], T:=A+ &N+ L tr(A)lg, and

T 1= E(ey)n | (0 — E(0)) (v~ E(x))" |

f'sp be the LSA model in above theorem. Assume the test prompt is of the
i.id.

form P = (X17}/17 e aXM>YM7Xquery)y where (Xia)/i)a (Xquery,)/query) ~'D.

and Yauery = [fi'sa(Ep; (WFY, W*KQ))](dH),(MH) is the trained LSA

model prediction for xquery given the prompt. we have:

E (Yquery — Yquery)2 = min E ({(w, Xquery) — yquery)2
weRd

/

Error of best linear predictor

+tr [ZT2A] + & [[1a]22ps + 2tr(A)[a]2ape + tr(A)2 ]| a122p] »

. iid.
where the expectation is over (x;, y;), (Xquerys Yquery) "D,
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a variant of training on in-context examples

We now consider the distribution Dy is sampled randomly from a
distribution A.

UANS argmin@e@EP:(Xl,h(xl),...,XN,h(XN),Xquery) [E (ﬁg(P), h(Xquery))] ) (49)
where Dy ~ A, X, Xquery b Dy and h ~ Dy.

The population loss now includes an expectation over the distribution of
the covariance matrices A, (random matrices):

1 ~
L(H) = EEWT,AT7XT,17-~~1XT,N1XT,query [(yquuery - <W7'7X7',query>)2] . (410)

the previous definition of training on in-context examples by taking
supp(A) = {A}. Similarly to Theorem 4.1, we have

Haojun Wu Trained Transformers Learn Linear Models In- USTC 2025



Theorem 4.5 (Global convergence in random covariance case).
Consider gradient flow over the general population loss (4.10), where A,
are diagonal (convenient for analysis) with independent diagonal entries
(random variables) which are strictly positive a.s. and have finite third
moments. Suppose the initialization satisfies Assumption, ||[EA-O| # 0,
with initialization scale ¢ > 0 satisfying

) ) A
Vd [EIT lopIA- 2]

Then gradient flow converges to a global minimum of the population loss.
Moreover, WY and WK® converge to WY and WKQ where

(4.11)

Wi = |[Er.A2) " E [A] .([En/\ﬂ‘l [EA2] od)’

0, 0

F

: (Od_>|<_d Od)
F 0y 1)’
where [, = %/\T + % tr(A;)lq and the expectations above are over the
distribution of A;.

(4.12)

*

WPV = || [ErA2) R A
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From this result, we can see why the trained transformer fails in the

random covariance case.
Suppose we have a test prompt corresponding to a weight matrix

. . d
w € R? and covariance matrix Anew, and set Ar = Anew,
iid. .
Xiy Xquery ™~ (Oal\new): Yi = <W,X,'>, I € [M] and Yquery = <W7Xquery>- At
convergence, the prediction ?que,y by the trained transformer on the new

task will be

(0:_}'— ]_) <I\1/I ZIM1X,X + Xquery Cllery Al/IZiAilxi)/i) ([EI’T/\ﬂ—l [E/\.,z.]

1 M 2 T
M Zi:l Xi Yi M dic1 Vi 04

query
— xquery [EAZ] [ET-A2] " - Apeww almost surely when M — c0.(6)

When M, N — oo so that [ — A,. taking expectation over Apew:

EA2] [El A2 oL Ai xix. | w
T M ZI 1 i
-1

-1
E [Yauery | Xquery, w] — x query [EAg] [E/\i] [EA-]w. (7)
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trained on random covariate distributions

If we consider the case \.; i Exponential(1), so that E[A;] = Iy,

E[A2] = 214, and E[A3] = 614, we get

- 1
IEyquelry — §<W7Xquery>- (8)

This shows that training on in-context examples with random covariate
distributions does not allow for in-context learning of a hypothesis class
with varying covariate distributions.
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the behavior of more complex transformer architectures

Experiments with large, nonlinear transformers. GPT-2: a large,
nonlinear transformer

trained on in-context examples of linear models, both in the
fixed-covariance case and in the random-covariance case.

training prompts sample from random independent covariance matrices:
Ar = diag(Ar1, ..., Ar,q), where A7 ; i exp(1) or fixed matrices: the
covariance matrix is f|xed to the identity matrix.

test prompts sample from random covariance matrices:
cN\ = diag(cAi, ..., cAg), where \; '~ exp( ), and ¢ > 0 is a scaling factor
or fixed matrices: the covariance matrix is fixed to the identity matrix.
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Test on Fixed Covariance Test on Random Covariance, Scale = 1.0

squared error
o o
o
squared error
o o
ERS

0.4 \ (Ut \,/
0.2 \\ 0.2
\ ---- Zero Estimator
00 N\ 0.0 ---- LSA Limit
—— fixedcov_N40
0 20 40 60 80 100 0 20 40 60 80 100 —— fixedcov N70
in-context examples in-context examples —— fixedcov_N100
Test on Random Covariance, Scale = 4.0 Test on Random Covariance, Scale = 9.0 —— randomcov_N40
B ~—— randomcov_N70

randomcov_N100
Least Squares

©

ey
—

squared error
~
squared error
IS
=

7

0 20 40 60 80 100 0 20 40 60 80 100
in-context examples in-context examples

Figure: take N=40,70,100 when train and test six of them(fixed and random
matrices case 2 x 3 = 6) for each small figure corresponding to four test include
fixed matrices test prompts and random matrices with scaling factors c=1,4,9
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Test on Fixed Covariance Test on Random Covariance, Scale = 1.0

A

\/

0.2 \ 0.2 A
\ _ \ - Zero Estimator
0.0 N ---- LSA Limit

fixedcov_N40

=
=

squared error
o o =
o ® o
squared error
L = I
a@ ® o
/.‘
o

=

0 20 40 60 80 100 0 20 40 60 80 100 —— fixedcov N70
in-context examples in-context examples fixedcov_N100
Test on Random Covariance, Scale = 4.0 Test on Random Covariance, Scale = 9.0 —— randomcov_N40

randomcov_N70
randomcov_N100
Least Squares

w
o

squared error
~
N

squared error

~

0 0
in-context examples in-context examples

The black dash line is LSA limit.
It is noteworthy that train and test c=1 on random matrices, GPT-2
performs well while we analyze failure in LSA model (linear architecture).
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When the test prompt length M exceeds the training prompt length N:
there is an evident spike in prediction error, regardless of fixed or random
covariance case, and the spike appears to decrease when evaluated on
prompts with higher variance.

Test on Fixed Covariance Test on Random Covariance, Scale = 1.0

o
I
o

OB\

=
®

Zero Estimator
---- LSA Limit
—— fixedcov_N40
0 20 40 60 80 100 0 20 40 60 80 100 fixedcov_N70
in-context examples in-context examples —— fixedcov_N100

Test on Random Covariance, Scale = 4.0 Test on Random Covariance, Scale = 9.0 —— randomcov_N40
\ —— randomcov_N70
\ randomcov_N100
Least Squares

squared error
°
EY
=
squared error
°
>

g
|
[
|
N
|
-
|
|
|
i‘ %
l

o

w
—

o

squared error
~
L
squared error
N

N

0 20 40 60 80 100 0 20 40 60 80 100
in-context examples in-context examples
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Explanation: The positional encodings are randomly initialized and are
learnable parameters but the encoding for position i is only updated if the
transformer encounters a prompt which has a context of length i. Thus,
when evaluating on prompts of length M > N, the model is relying upon
random positional encodings for M — N samples.

A concurrent work found that removing positional encoders improves
performance when evaluating on larger contexts [APG23].

Test on Fixed Covariance Test on Random Covariance, Scale = 1.0

squared error
—

squared error

=

0 20 80 100

40 o0
in-context examples

Test on Random Covariance, Scale = 4.0

X L _EXFE
- \ S - \__

o 20 40 0 80 100
in-context examples

Test on Random Covariance, Scale = 9.0

8
=3\ .
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0 20 o 0 80 100 0 20 40 60 8 100
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Haojun Wu

Trained Transformers Learn Linear Models In-
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Sketch of proof

@ recognize that the prediction yquery(Er; @) can be written as the
output of a quadratic function u" H,u for a matrix H, depending on
the token embedding matrix E. and for the vector u depending on
0 = (WKQ wPY).

@ We then see that the dynamics are governed by a complex system of
d? + 1 coupled differential equations.

@ the set of global minima for the d? + 1 coupled differential equations
satisfies the condition u=1U;; = 1. And get Minimum of Loss
Function:

g(Ull,ufl)— min E(Ull,ufl) = =

- 1 ‘
U1 €RI%d 1 €R 2

ré (uaAdupns —Ar?

© Finally, we show that although the optimization problem is
non-convex, a Polyak-tojasiewicz (PL) inequality holds, which implies
that gradient flow converges to a global minimum.
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By simple calculation, actually only part of WY and W@ affect the

prediction y:
denote WPV e R(d+1)x(d+1) gnd WKQ ¢ R(d+1)x(d+1)

Ki Ki
wet = (e ). wee= (AL ). e
(wz1") W) (wyy )T W)

where W1PV € Rdxd. WleV, W2Plv € RY; W2sz € R; and WﬁQ € Rdxd.

W{;Q, Wﬁ € RY; W2’§Q e R.
Then, the prediction Yquery is

N EET WKQ
Yauery = (WPV)T wbV) . <> ( 3 )X uery (36)
query ( 21 22 ) N (WﬁQ)T query

we can set all other entries zero.
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Stepl: Lemma 5.1.

Xr,1 Xr,2 Xr,N Xr,quer d+1)x(N+1
E:: T, s s »q Yy ER(+)(+)
T <<WT7XT,1> <W7'7XT,2> <W7—,X7—7/\/> 0 )
(9)

. Then the prediction Yquery(E;; 0) for the query covariate can be written
as the output of a quadratic function,yquery(E-; 6) = u' H,u, where the
matrix H, is defined as,

1 E.ET > ) Ouxd X
H =X, ® 7T e R(d+1) x(d+1) . X, = ( X T,query>
2 < N > (X‘r,query)T 0

(5.1)
u = Vec(U) € R(d+1)27 U — ( U11T U12> € R(d+1)x(d+1)
(t21) u—
where Uy = WﬁQ e RI¥d ypp = Wﬁv e RIL 1y = W2K1Q e RIx1
u_1 = whY € R correspond to particular components of WPV and WK@
This implies that we can write the original loss function (3.7) as

1 & 2
L= 5B Tz_:l (uTHTu — W,;I—Xﬂquery) .
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Basic knowledge used in proof

Lemma D.1 (Matrix Derivatives, Kronecker Product and
Vectorization, [PP+08]). We denote A, B, X as matrices and x as
vectors. Then, we have

Ox " Bx T
x =(B+ B")x.

o Vec(AXB) = (BT @ A) Vec(X).
o tr(AT B) = Vec(A) Vec(B).

o L t(XBXT) = XBT + XB.

X
o L tr(AXT) = A
X -
° a% tr(AXBXTC) = ATCTXBT + CAXB.
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proof of Lemma 5.1.

Stepl: Lemma 5.1.

E — ( Xr,1 Xr,2 . Xr,N XT,query> c R(d-{—l)x(N—f—l)
T <WT7XT,1> <WT7XT,2> <WT?XT,N> 0

(10)
. Then the prediction Yquery(E;; 0) for the query covariate can be written
as the output of a quadratic function,yquery(E-; 6) = u' H;u, where the
matrix H; is defined as,

H — EX ® <ETE7:|—) c R(d+1)2><(d+1)2 X = <( Od><d XT,query>
T T N 5 T

2 XTvquery)T 0
(5.1)
u = Vec(U) € RETD’ = < U11T “12> € R(+1)x(d+1)
(u21)" u
where Uyp = WfQ e RI*9, 1y = whY € RIL, 1y = whk@ e RIXT,

u_1= W2P2V € R correspond to particular components of W*Y and WKQ
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quadratic function is non-convex

Prove the matrix

1 E.ET
H, = =X, el
o (55)

has at least d + 1 negative eigenvalues
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. _ . Ui up -
Step 2: Lemma 5.2. Let u = Vec(U) := Vec <<(u21)T u_1>> as in

Lemma 5.1. Consider gradient flow over L := iE (u" Hyu — WTTxmwery)2
the expectation is taken over x: ;, Xquery Hid- N(0,A) and w; ~ N(0, Iy).
with respect to u starting from an initial value satisfying Assumption.
Then the dynamics of U follows

diUH(t) = —uflrl\Ull/\ + u_1/\2
dt (5.4)
Eufl(t) = —tr [u,ll‘/\Un/\( Ull)—r — /\2(U11)T ,

and u1a(t) = 04, w21(t) = 0q4 for all t > 0, where

M= (14 ) A+ ytr(A)lg € R

So the dynamics are governed by a complex system of d? + 1 coupled
differential equations. We can shows that these dynamics are the same as
those of gradient flow on the following objective function:

N ], 1
:R*IXR - R, (Upg,u_1) =tr 5uilr/\Un/\(Uu)T —u_1A%(Upp)"
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proof of Lemma 5.2.

We will use the following lemma in proof Lemma D.2. (Isserlis’
Theorem) If X is Gaussian random vector of d dimension, mean zero and
covariance matrix A, and A € R9%? s a fixed matrix. Then

E [XXTAXXT] —A (A + AT) A+ tr(ANA. (11)

@ Calculate the Second Term
@ Calculate the First Term
© u12 and wp1 Vanish

@ Dynamics of Uy

© Dynamics of u_;
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Corollary A.2 (Minimum of Loss Function). The loss function / in
Lemma A.1 satisfies

. 1
min Uy, u 1) = —=tr [N?T 71 12
U11ERdXd,u_1€R ( 11 1) 2 [ ] ( )
and
~ . ~ 1 1 L 1 -1 2
(Ui, u1)—  min HUi,u) =~ ’ rs (u_l/\2U11/\2 AT )H .
Uy €RI%d 1 €R 2 F

(13)
Equality holds when

U11 = Cr_l, u_1 = C_l
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proof of Corollary A.2

Lemma D.4 ([MR99]). For any two positive semi-definite matrices
A, B € R4 we have

e tr[AB] > 0.
@ AB > 0 if and only if A and B commute.
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We now show that PL inequality holds, which implies that gradient flow

converges to a global minimum:

Lemma 5.4. Suppose the initialization of gradient flow satisfies

Assumption with initialization scale satisfying 02 < —~2—, define:
Vd|Tlop

02

T VAN, (T A er(AT)

gradient flow on 7 with respect to U1 and u_; satisfies, for any t > 0,

IASIIF |2 = Vdo?|lop| > 0. (5.7)

|viw(. s H ol

2 = 8U11 F+
> W (Z(Ull(t), u_1(t)) — min Z(Ull, U_1)>

U €RIxd 1 €R
(5.8)

Moreover, gradient flow converges to the global minimum of 7, and we
find Up; and u_; exactly converge to the following,

1 _1
limesoo u—1(t) = |[T7H|2 and  limesoo Una(t) = [T 201

ol
ou_q
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We will use the following lemma in proof:
Lemma D.3 (Von-Neumann’s Trace Inequality). Let U, V € R9*"
with d < n. We have

d
tr(UTV) <3 o) <Huuopxza, ) <Vd- [ U]lopll VI,
i=1

(14)
where 01(X) > 02(X) > -+ > 04(X) are the ordered singular values of
X € RIxn,
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proof of Lemma 5.4.

lemma A.3 says the parameters in the LSA model will keep 'balanced’ in
the whole trajectory. From the proof of this lemma, we can understand
why we assume a balanced parameter Assumption at the initial time.
Lemma A.3 (Balanced Parameters). Consider gradient flow over
L(= 7+ C) in with respect to u starting from an initial value satisfying
Assumption . For any t > 0, it holds that

e [un(un)T] . (A.12)
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proof of Lemma 5.4.

We prove A.4 for the following Lemma A.5
Lemma A.4. Consider gradient flow over L(= ¢+ C) with respect to u
starting from an initial value satisfying Assumption. If the initial scale

satisfies
0<o< 2 (A.13)
o —_— )
Vd|ITlop

then, for any t > 0, it holds that

u_1>0. (15)
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proof of Lemma 5.4.

Lemma A.5. Consider gradient flow over L in with respect to u starting
from an initial value satisfying Assumption with initial scale

2 .
>
O<o< VT For any t > 0, it holds that

2
g
u_1> | —————|[AO||2 |2 — Vdo?||[||op| > 0. (A.14)
\/ 2Vd|A3, o
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Finally, let’'s prove the PL inequality and further, the global convergence of
gradent flow on the loss function ¢
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Theorem 4.2

Theorem 4.2. Let D be a distribution over (x,y) € RY x R, whose
marginal distribution on x is D, = N(0,A). Assume Eply], Ep[xy],
Ep[y?xx "] exist and are finite. If we define

a:=N'E, yoplxy]l, T:=A+ A+ 3tr(A)ly, and

¥ 1= E(eyn | (0 — E()) (v ~ E(x)" |

f'sp be the LSA model in above theorem. Assume the test prompt is of the
iid.

form P = (Xl,yl, L. ,XM;YI\/thuery)y where (Xi,)/i), (Xquery,yquery) ~'D.

and Yauery = [f'sa(Ep; (WFPV, W*KQ))](dH),(MH) is the trained LSA

model prediction for xquery given the prompt. we have:

E (Yquery — Yquery)2 = min E ((w, Xquery) — Yquery)2
weRd

/

Error of best linear predictor

+tr [ZT2A] + 4 [[lal2aps + 2tr(A)[[al2ape + tr(A)2 ] a]122p]

o pi.d.
where the expectation is over (x;, yi), (Xquery, Yauery) ~ D.
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proof of Theorem 4.2.

Theorem 4.2. Let D be a distribution over (x,y) € RY x R, whose
marginal distribution on x is D, = N(0,A). Assume Eply], Ep[xy],
Ep[y?xx "] exist and are finite. If we define

a:=N'E, yoplxy]l, T:=A+ A+ 3tr(A)ly, and

¥ 1= E(eyn | (0 — E()) (v ~ E(x)" |

f'sp be the LSA model in above theorem. Assume the test prompt is of the
iid.

form P = (Xl,yl, L. ,XM;YI\/thuery)y where (Xi,)/i), (Xquery,yquery) ~'D.

and Yauery = [f'sa(Ep; (WFPV, W*KQ))](dH),(MH) is the trained LSA

model prediction for xquery given the prompt. we have:

E (Yquery — Yquery)2 = min E ((w, Xquery) — Yquery)2
weRd

/

Error of best linear predictor

+tr [ZT2A] + 4 [[lal2aps + 2tr(A)[[al2ape + tr(A)2 ] a]122p]

o pi.d.
where the expectation is over (x;, yi), (Xquery, Yauery) ~ D.

Haojun Wu Trained Transformers Learn Linear Models In- USTC 2025



Table of Contents

© Summary

Haojun Wu Trained Transformers Learn Linear Models In- USTC 2025



Summary

In this work, we investigated the dynamics of in-context learning of
transformers with a single linear self attention layer under gradient flow on
the population loss.
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There are a number of natural directions for future research.
© similar results would hold for stochastic gradient descent with finite
step sizes?
@ similar results would hold for more general initializations.

© understanding the dynamics of in-context learning in nonlinear and
deep transformers.t

@ covariate shifts the framework restricted to the fixed marginal
distribution over the covariates (D) but other learning algorithms
(such as ordinary least squares) are able to achieve small prediction
error for prompts for very general classes of distributions?

© removing positional encoders in GPT-2 improves performance

1.we refer to Huang et al. [2023](In-context convergence of transformers.),
Chen et al. [2024](Training dynamics of multi-head softmax attention...)
for linear regression prediction.
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